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Abstract:

A Ramsey Number r = R(m,n) isthe smallest integer r such that a graph of r vertices has
either a complete subgraph (clique) of size mor its complement has a complete subgraph
of size n (independent set). Currently, the exact value of R(5,5) is unknown, however it
is known to be bounded by 43 < R(5,5) < 49. In this paper we will discuss an attempt to
discover abetter lower bound by using Genetic Algorithms (GA). Our method involved
standard genetic algorithm mutation and one-point crossover as recombination
techniques. Results include graphs that were closer to being a counterexample than a
random search technique achieved. A counterexampleis agraph of size 43 that would
prove 43 istoo small and thus increase the lower bound to 44. Such a graph was not
found.
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1. Introduction to Problem

A graph, denoted G = (V,E), consists of aset of vertices, V, and a set of edges, E, where
the edges are lines that connect pairs of vertices. For example, Figure 1 (a), (b), (c), and
(d) are examples of graphs. A graph is complete if every vertex is connected to all other
vertices by an edge. Figure 1 (a) isacomplete graph with 5 vertices. For any graph, G,
its complement, G, is another graph with the same set of vertices, where edges exist
between two verticesin G if and only if the edge does not exist between the same two
verticesin G. Figure 1 (b) and (d) illustrate the differences between a graph and its
complement. Let m, n beintegers, the Ramsey Number, v = R(m,n), is the minimum
number v, such that all graphs of size v contain a complete subgraph of sizemin G or a

complete subgraph of sizenin G.

Example 1: A Ramsey Number, R(m,n) =r, isthe smallest number r such that every
group of r people at a party has m people who know each other or n people who do not
know anyone elsein their group of n people.

This gives us a good base to start from, but when we think of thisin alittle more
mathematical way, it can be defined the following:

Definition 1. A Ramsey Number, r = R(m,n), is the smallest number r, such that every
graph of sizer has either a clique of size mor an independent set of sizen.

This also has an equivalent definition, given by the following:

Definition 2: A Ramsey Number, r = R(m,n), isthe smallest number r, such that every
graph of sizer has either a clique of size min the graph or aclique of sizeninits
complement.

The main goal of this project isthe optimization of r = R(5,5), i.e. finding the smallest
integer r such that all graphs, G, of sizer include aclique of size5in either G or the
complement of G. Currently, R(5,5) is bounded by 43 < R(5,5) <49. We are going to
focus on the current lower bound, 43.

In the following sections of this paper, graph theory concepts will be defined so asto
better understand the af orementioned definitions of Ramsey Numbers. A generd
overview of Ramsey Theory will also be explored, along with some examples of similar
Ramsey Numbers and their values/bounds. The implementation of our approach will be
described next. The final sections of the paper contain results and their analysis, along
with some conclusions that can be drawn from those results.
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Figure 1: Graphs
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2. Mathematical Foundation

This section will give abrief description of the main graph theory concepts used in
Ramsey Numbers. We will discuss afew theories related to Ramsey Numbers and in
particular, R(5,5). For more information on graph theory, see[3], [8], and [9].

2.1. Graph Theory Foundation

In order to better understand Ramsey Numbers and how they relate to our project, we
need to look at some basic concepts of graph theory. Itisclear from Definition 1 that we
need to define a graph, a cligue, and an independent set before we can fully understand
the definition of a Ramsey Number.

Definition 3: A simple graph, denoted G = (V,E), consists of a set of vertices, V, and a
set of edges, E, where the edges are lines that connect pairs of vertices. Figure 1 (a), (b),
(c), and (d) show examples of graphs.

Definition 4: Given asimple graph G = (V,E), aclique of G isasubset S of V such that
the subgraph induced by S has the property that edges exist between all possible pairs of
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verticesin S. Figure 1 (b) isan example of aclique of size 3in agraph (thecliqueisin
bold). S={b,c,e}.

Definition 5: Given asimple graph G = (V,E), an independent set of G isa subset S of V
such that the subgraph of G induced by S has the property that no edges exist between
any pair of verticesin S. Figure 1 (c) is an example of an independent set of size 3 of the
graphinFigure1 (b). S={ac,d}.

Definition 6: A complete graph is a graph such that all pairs of vertices have an edge
that connects both vertices. The notation for complete graphsis K;, where i is the number
of vertices. Figure 1 (a) is an example of the complete graph Ks.

Definition 7: The complement of graph G = (V, E), denoted G = (V, E), isagraph with
the same set of vertices V such that E = {(u,v) : u,v O V and (u,v) O E}. For instance,
Figure 1 (b) and Figure 1 (d) is an example of a graph and its complement.

The following result follows directly from Definition 7.

ol

Result: Given G and its complement, G, then G =

Now that we have some basic concepts of graph theory defined, we can proceed to show
the equivalence of Definition 1 and Definition 2.

The relationship between a graph G and its complement G asit relates to cliques and
independent setsis as follows: if asubgraph formsacliquein G, then the verticesin this

subgraph induces an independent set in the complement of G, G. This makes our case,
R(5,5), abit easier to look at. R(5,5) istherefore defined as the smallest size of agraph G
such that there exists a clique of size 5in its graph or its complement.

2.2. Ramsey Theory Foundation

The old joke that is often associated with Ramsey Numbersisthat if an alien spaceship
were to come to Earth and demand that we tell them the answer to R(5,5) or they will kill
usal, it would take all the computing power in the world to find the answer for the
aliens. If he asksfor R(6,6), we should try to kill them. This shows how difficult this
problemis. Many people have been working on R(5,5) for decades and have made some
remarkable headway. This section is broken up into two different parts: ‘ Upper Bound
Theory’ and ‘ Examples of Similar Ramsey Numbers'. ‘Upper Bound Theory’ will
introduce some theory used to determine upper bounds of Ramsey Numbers. ‘ Examples
of Similar Ramsey Numbers will look at R(3,3) and R(7,7) asthey relate to R(5,5).

2.2.1. Upper Bound Theory

The following theorems yield different ways of determining upper bounds of Ramsey
Numbers. Erdos and Szekeres are given credit for proving Theorem 1. [5]
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rr+n-2)

Theorem 1. R(mn) < ( m-1

Proof: We proceed by induction on k, where k= m+ n. Thereisequality when
m=1and m= 2, and for every value of n. Itisalsotrueforn=1and n=2,
independent of the value of m. Therefore, the result istrue for al values of k with
2 <k <5 and we proceed through the remainder of the proof assuming that m> 3
andn>3.

Assume that R(s;t) existsfor al positiveintegerssand t with s+t < k where k>
6, and that

R(st) < (s +t— 2)

s-1
Let mand n be integers such that m+ n=k, wherem> 3 and n> 3. By the
inductive hypothesis, the Ramsey numbers R(m-1,n) and R(m,n-1) exist and

further,

R(M1Ln) < (mr:E;S) and Rmyn-1) < (mr:EIE)
Since

(o2 )= (M)
tfollowsthat R + Ry < (7505 7) *)

Now let p = R(m-1,n) + R(m,n-1) and suppose that each edge of K isarbitrarily
colored red or blue, analogous to exists or does not exist. We show that thereis
either ared Ky, or ablueK,. Letvbeavertex of K,. Thenthedegreeof v=p-1
=R(m1,n) + R(m,n-1) —1. We consider two cases.

Case 1. Assumethat visincident with at least R(m+-1,n) red edges. Let Sdenote
the set of vertices of K, that are joined to v by red edges. Thus |§ > R(m-1,n) and
(S isacomplete graph of order at least R(m-1,n) whose edges are colored red or
blue. Therefore, (S contains either ared K1 or ablue K. If (S) contains ablue
Kn, S0 does K. Suppose that (S) containsared K,1. Then (SU {v}) containsa
red K. Hence, inthis case, K, contains either ared Ky, or ablue Ky,

Case 2. Assumethat visincident with at most R(m-1,n) —1 red edges. Thenvis
incident with at least R(m,n-1) blue edges. Let T denote the set of vertices of K,
that are joined to v by blue edges. Therefore, [T| > R(m,n-1) and (T) is acomplete
graph of order at least R(m,n-1) whose edges are colored red or blue. Hence, (T)
contains either ared Ky, or ablue Kn.1. If (T) contains ared Ky, then K, does as
well. Suppose that (T) contains ablue K,.;. Then (T U {Vv}) contains ablue K.
In this case as well, then K, contains ared K, or ablue K.
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This shows that R(m,n) < R(m-1,n) + R(m,n-1), which when combined with (*),
givesthe desired result. o

For our case, this theorem yields the result that R(5,5) < 70. This of courseisfar more
than the current upper bound, which is49. The Corollary to Theorem 1, however gives
us alittle closer approximation to the current upper bound. [5] The Corollary to Theorem
1 can also be thought of as arecursive definition of Theorem 1.

Corollary to Theorem 1: R(m,n) < R(m-1,n) + R(m,n-1); if R(m-1,n) and R(m,n-1) are
both even, then the inequality is strict.

Result: R(m,n) = R(n,m)

The previous corollary and result used together yield a new upper bound to R(5,5) aslong
aswe know R(4,5), which isknown to be 25. [7] Therefore, we have a new upper bound
to R(5,5), 50. Therefore, after another theorem is used, R(5,5) <49. Our goal of this
project isto improve the lower bound of R(5,5) from 43 to 44.

2.2.2. Examples of Similar Ramsey Numbers
R(3,3):

R(3,3) issimilar to R(5,5) only it isabit smaller and is already known to be 6. The proof
of R(3,3) = 6isgiven by Greenwood and Gleason in 1955. [7] A brief overview of this
proof is shown when looking at the bounds of R(3,3). We know R(3,3) > 3 by defaullt.
We also know by Theorem 1 that R(3,3) < 6. Therefore we need to show that there are
graphs of size 4 and 5 that do not have either a clique of size 3 or an independent set of
size 3inthem. An easy counterexample of each isacycle of size 4 and acycle of size 5.
Thisyieldsthat R(3,3) < 6 and R(3,3) > 5, therefore R(3,3) = 6.

R(7,7):

R(7,7) isaso similar to R(5,5) only itisabit larger. The exact value of R(7,7) is
unknown, but it is known to be bounded by 205 < R(7,7) < 540. Thisis much larger than
the possible values of R(5,5) and we only increased our mand n by 2. Therefore, itis
clear that the general case of finding an exact answer to a Ramsey Number is far too
difficult to do in apolynomial time algorithm (i.e. it is an NP-Complete Problem).

3. Approach to Finding Lower Bounds

The lower bound of R(5,5) has been improved by the process of presenting
counterexamples (i.e. agraph of sizer such that no clique or independent set of size 5
exist in that graph). The most recent transition of the lower bound (from 42 to 43) came
about through the use of Genetic Algorithmsto search some of the graphs of size 42 for a
counterexample. [4] Thisisasimilar approach to the one we used in our project. There
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are many different waysin which to go about this, all of which come down to finding a
counter example that disproves the fact that 43 is the lower bound.

3.1. Enumeration of all Possibilities

The first and most obvious approach is to enumerate all possible graphs of size 43 and
check if al of these graphs have a clique or independent set of size5. Before beginning
to write out al possible graphs of size 43, however, letsfirst look at how many possible
graphs of size 43 exist.

There are 903 possible edges in a graph with 43 vertices and each possible edge has two
possibilities, either an edge exists or it doesn’t. Therefore there are 2°° possible graphs
of size43. Thisworks out to be about 6.76x10°"* possible graphs, which are far too
many graphs to enumerate. Therefore thisis not afeasible method.

3.2. Random Search

The next logical progression isto randomly search the entire search space and hope to get
lucky. You have abetter chance of winning the lottery than finding a counterexample
using this method. Therefore, this approach is also infeasible.

3.3. Genetic Algorithms

The method we are going to use to search for a counterexample is Genetic Algorithms
(GA). Genetic algorithms are a popul ation based search algorithm based loosely on
concepts from biological evolution. This section illustrates this process by using our
problem of searching for an R(5, 5) counterexample in the following sections:

3.3.1. Representation

Since the key data structure used in Genetic Algorithmsis bit strings, we must have a
way to represent a graph as a bit string. To do this, the graph’ s incidence matrix
iscreated. Anincidence matrix, M, of agraph with 43 verticesis a43 x 43 matrix where
each row, i, and column, j, represent a vertex of the graph and the edge that connects
vertex i to vertex | isrepresented by position M;; in the matrix. In this case, a1 represents
the existence of an edge, whereas a 0 represents the lack of an edge. See Figure 2 for an
example.
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Figure 2: Representation of a Graph asa Bit String
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3.3.2. Initialization

The next step is to select arandom sample of individuals from the search space. In this
case, the search spaceis all the different graphs of size 43 (approximately 6.76 x 10°™).
From this, a sample of 250 individuals was selected. The random samples are
independent from run to run. Thisinitialization is analogous to the random search
technique discussed in Section 3.2.

3.3.3. Evaluation of Fitness

Now that we have 250 individuals, we must conduct tournaments to see which graphs are
better than others. In order to conduct the tournaments, we must have away of ranking
or ordering theindividuals. Thisis called the fitness function. Upon creation of our
fitness function, examination of current maximum clique a gorithms and approximation
algorithms was very helpful [2]. In our case, the fitness of an individual is the number of
cliques of size 5 in the graph plus the number of independent sets of size 5 in the graph.
This was chosen because of the direct application to the problem. The possible fitness
values for an individual from this fitness function range from 0 to 962598 (taken from
K4s3). A graph with fitness value of 0 would have no cliques of size 5 and no independent
sets of size 5 and thus would be the desired counterexample.

3.3.4. Tournament

Now that each individual has afitness value, tournaments can be conducted in order to
rank our population. Using atournament size of 2, individuals compete for chancesto
produce offspring. In our case, 2 individuals are chosen at random from the popul ation.
These two individual’ s fithess values are compared and the one with the better (i.e.
smaller) fitness value is chosen to be a parent. This can be related to the “survival of the
fittest” ideain biological evolution.
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3.3.5. Recombination

The better individuals are now chosen to produce offspring through point mutation and
one-point crossover. We chose to have a 50% Mutation rate, meaning that mutation takes
place at approximately the same frequency as one point crossover.

Point mutation involves randomly choosing one of our 903 bitsin our bit string and
flippingit, i.e. making it a0 if it wasal and vice versa. Thistrandatesto the removal or
addition of an edge to the graph, thus creating a new graph. An example of mutation is
givenin Figure 3.

Figure 3: Mutation Recombination Technique
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One-point crossover involves taking two individuals and merging them together. To do
this, arandom point, n, must be chosen such that the new individual consists of bits 0 to
n-1 from the first parent and bits n to 902 from the second parent. An example of one
point crossover is givenin Figure 4.

Figure 4: One-point Crossover Recombination Technique
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3.3.6. Replacement

Now that new offspring are created, they replace the poorer individuals in the population
as was decided by the tournaments. In the standard replacement, all of the new offspring
arereplaced at the same time at the end of one generation. In our case, however, we are
using a steady state system with 25% replacement. This means that one individual is
replaced every time atournament completes. After 25% of the population (63
individuals) is replaced, one generation is compl ete.
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3.3.7. Repeat

Evaluation of Fitness, Tournament, Recombination, and Replacement are repeated for as
many generations asis chosen by the user. In our case 400 generations was chosen
because after about 400 generations there was little improvement in the best fitness. This
is due to the decreased variation in the population, meaning that all of the individuals
began to look the same or strikingly similar.

For more information on Genetic Algorithms, see [1].

4. Resultsand Analysis

Over aperiod of 2 weeks, the Genetic Algorithm method described above was
continuously run on 15 different machines in the Computer Science Software
Development Lab at the University of Minnesota, Morris (Sci 2610). After the two-week
period, there were 230 complete runs where data could be extracted and analysis of the
run could take place. Each run lasted approximately 3 days. We explored atotal of over
5,000,000 graphs of the 6.76x10°"* (0.000 % of the search space). Of these 230 different
runs, 10 had an overall best fitness between 1,300 and 1,400 while the others were larger
than 1,400 but smaller than 2,000. Thisisgood compared to the average best fitness for
random sampling of individuals, which is approximately 15,000. The specifications of
the computers used are given in Appendix B. Figure 5 isagraph of the best fitness of the
best run with generation on the x-axis and best fitness on the y-axis.

Figure 5: Output of Best Run
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The following tables give an average of the values from the runs taken at the given
generations and a percentile breakdown of the entire selection of graphs that were
examined.

Table 1. Average Fitness at Different Generations

Generation Aver age Best Fitness
0 15309
50 6428
100 4194
150 3105
200 2510
250 2130
300 1882
350 1710
400 1585
Table2: % of Graphsin Given Fitness Ranges
Fitness Range % of Graphsin Range
0 — 1500 2.3%
1501 — 2000 28.9 %
2001 — 3000 29.8 %
3001 — 4000 12.5%
4001 — 5000 7.2%
5001 — o 19.3%

All runs have a curve similar to the one shown in Figure 5. One property of Genetic
Algorithmsisthat the variation of the fitnesses of the population convergesto 0. Thisis
why it is uncertain whether or not extending this graph to an infinite number of
generations will improve the fitnessto O or if it will plateau asymptotically at alarger
value. The best graph we found is given by the chromosome in Figure 6 (parsing viathe
method mentioned in Section 3.3.1. will yield the appropriate graph):

Figure 6: Chromosome of Best Individual
011001110000011100100001110110000000010100110010010111110111010100111111110100011001000010011001111100101011
111000001010011101101110100101011001100110001101101000000011000010110100011111001110100010101011001110010001
110000111101000101010111100100000101110111101101011010000011000110001101001110110110111001011001101011110100
011111011010001100010100010100101011110101100010001100101111011011000010110000101001001010101000101110110111
110011101100001000100011111011101001010101111010101110011010001111000110111010011011001001011001100000000100
110010111111100010010001011010110011010101001110010100111001001011100100100100100010110011110000100101010111
110101101000001111001111101100011111001010101000010011001110100100011100101011000011100010101110011101111000
101000110001010100100111100101111011010100001100010010101011000100010101110101010111101001110000110110101001
000010011110111001100101111011100001010
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5. Conclusion

It is clear that this project did not improve the lower bound of R(5,5). However, the
genetic algorithm method does yield interesting results and therefore might in fact
produce a counter example given further refinements. The method we implemented
could be improved by changing the number of generations, the population size, the
recombination technigues, or any other of many available “knobs’ that can be tweaked.

It isclear that for arandom search technique, the best fitness will be quitelarge (asis
evident from Table 1 — Generation 0). However, through the process of Genetic
Algorithms the best fitness decreased from an average of approximately 15,000 to 1,500,
avery substantial improvement. Thisimprovement shows that if R(5,5) > 43 the Genetic
Algorithm method is a reasonabl e technique to find a counterexample. With other
techniques and advanced technology, the future is looking bright for finding a solution to
this problem, or at the very least improving the lower bound of R(5,5) to 44.

6. Future Research Work

Future work in this area could include many different changes in the possible " knobs”
that can be tweaked in our Genetic Algorithm method. These include changing the
number of generations, the population size, the mutation rate, the recombination
techniques, the fitness function, or any of countless others. | experimented abit with
changing the population size and number of generations, but more work on that area
would definitely prove to be useful in the future. Other possible research areas related to
thisinclude improving the algorithm used in computing the fitness of an individual and
possibly using a different searching technique such as hill climbing. One could aso take
the best individuals found using my technique and compile al of them into an initial
population for another Genetic Algorithm run. These are but afew of the many
possibilities for future research in this area.
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9. Appendices

Appendix A: Number of Cliquesof Size5 Algorithm

/**

* This nmethod is an exact algorithmthat returns the nunber of
* cliques of size 5 in this graph.

*% [

public int nunCiquesSi ze5(G aph g) {
int[] tenmp = new int[size];

for(int i =0 ; i < g.getSize() ; i++) {
temp[i] = g.getDegree(i);

G aph tempG = g;

int[] temp2 = new int[0];

for(int i =0 ; i < g.getSize() ; i++) {
if(temp[i] >= 4) {
tenp2 = add(tenp2,i);
} else {
tempG = renove(tempGi);
}

}
int out = O;

bool ean[] intersect = new bool ean[tenpG getSi ze()];

intersect = initAll(intersect);

bool ean[] intersectl new bool ean[tenpG get Si ze()]

bool ean[] intersect2 new bool ean[tenpG get Si ze()]

bool ean[] intersect3 new bool ean[tenpG get Si ze()]
)]
)]

bool ean[] intersect4 new bool ean[tenpG get Si ze(
bool ean[] intersect5 new bool ean[tenpG get Si ze()];
for(int x1 =0 ; x1 < (tenp2.length - 4) ; x1++) {
intersectl = intersection(intersect, connectedList(tenpG tenp2[x1]));

for(int x2 = (x1 + 1) ; x2 < (tenp2.length - 3) ; x2++) {
intersect2 = intersection(intersectl, connectedList(tempG tenmp2[x2]));
for(int x3 = (x2 + 1) ; x3 < (tenp2.length - 2) ; x3++) {
intersect3 = intersection(intersect2, connectedList(tempG tenp2[x3]));
for(int x4 = (x3 + 1) ; x4 < (tenp2.length - 1) ; x4++) {

intersect4 = intersection(intersect3, connectedList(tempG tenp2[x4]));
for(int x5 = (x4 + 1) ; x5 < tenp2.length ; x5++) {
intersect5 = intersection(intersect4, connectedList(tenmpG tenp2[x5]));

i f(nunifrue(intersect5) > 4) {
out ++;

}

}

return out;

}
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Appendix B: Computer Specifications

Thefollowing tableisalist of specifications for the computers that were used for the
Genetic Algorithm method. The table was taken from Micron’s web site, the

manufacturer of the machines used. [6]

Category Description QTY Part Number
Intel Pentium Il 1.6GHz 400FSB 256K 478Pin 1 CPU002049-01
***512MB 64X64 133MHZ SDRAM 1 MOD001966-00
Seagate U6 20GB IDE 5400RPM 1 HDI1001793-00
Lite-On 52X IDE CD-ROM LTN526 1 CDI001263-01
Visiontek Vanta 16MB Video Card 1 VCD001472-01
Microsoft 104-Key Elite Natural Keyboard 1 KBR001062-03
Microsoft Intellimouse Optical USB and PS/2 1 MOU001072-01
Compatible
Odyssey Client Pro PA700 front foot 1 CSE001587-00
Odyssey ATX PA700 MiniTower w/o Power 1 CSE001638-00
Supply
Delta 300W Power Supply 1 PWS001108-00
Microsoft Windows 98 SE Recovery Media Kit 1 0SS001318-00
Havre - Driver CD 1 SFD001106-02
Microsoft Intellimouse Driver 3.5 in. Floppy 1 SF0001446-07
(English)

Microsoft.Internet Explorer 5.5 1 SF0002447-00

ASSY DESKTOP THREE-YEAR LIMITED 1 WAR001049-00
PARTS WARRANTY AND TECHNICAL

SUPPORT POLICY

Odyssey PA700 ATX MT Bezel Assembly 1 BZL001057-03

Havre - Intel 845 Brookdale Motherboard 1 MBD001151-03
(Millennia® Max XR and ClientPro® CR)

Nvidia Video Driver CD 1 MEDO001417-05



