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Abstract: The Hypervirial and Hellmann-Feynman Theorems are applied

to the quantum anharmonic oscillator to find recurrence relations for the co-
efficients of the expansion of the energy. Bamd Algebraic Approximants

are used to assign a sum to the resulting divergent series and are discussed
in comparison with the Taylor Series Expansion of a known function. In
the future, the results from the quantum anharmonic oscillator will be com-
pared to those that arise from different methods of assigning sums such as
the Borel Method of Resummation and the Aitken’s Delta-Squared Method.

1. INTRODUCTION

Motivation. It is well known in quantum mechanics that the Safinger equation cannot be solved except
for some simple models. Yet, the Sodinger equation is used to describe many quantum mechanical systen
One of the main ideas in quantum mechanics is to solve theé8iiger equation:

RZdPWx) 1 5,

— —mwXWY(x) = EW(X

2m a2 ) )
for the wavefunction¥(x), and the energyk. The Schédinger equation is simply a second order variable
coefficient linear differential equation that can be solved exactly by "brute force” using the method of pow
series expansion from differential equations or by using ladder operators from quantum mechanics. Howe
the anharmonic oscillator cannot be solved exactly and some of the ideas of quantum mechanical perturb
theory must be used.

The Schédinger equation for the anharmonic oscillator discussed in this paper is:

72 d?W(x) ( 1

1
v 2w2x2+ éAx2+)\2x3> W(x) = EW(X).

To solve this equation we must first use the Hypervirial and Hellmann-Feynman Theorems coupled with n
tiple commutator relations to expand the equation. Once thed8tiger equation is expanded we can assume
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a power series expansion for the energy, collect like poweps (tfie perturbation parameter) and set their
coefficients equal t@. Once this is done it becomes possible to calculate the coefficients in the expansion
the energy; a divergent series.

This paper is organized as follows. In Section 2 we review some ideas of power series and Taylor se
expansions. Pa@dapproximants are then introduced in Section 3 as a generalization of the Taylor polynomi
and then extended to Algebraic approximnats. In Sections 4 and 5 théd8aer equation for the quantum
anharmonic oscillator is solved for the energy using the Hypervirial and Hellmann-Feynman Theorems |
details are left as appendices). Resulting in an infinite power series expansion of the energy in the perturb
parameter. The coefficients in the resulting series are then used to initialize both #herRhdlgebraic
approximants and the energy for the quantum anharmonic oscillator is calculated in Section 6.

2. SERIES, POWER SERIES, RADIUS OF CONVERGENCE, AND TAYLOR SERIES EXPANSIONS

Series.A series is an infinite ordered set of terms combined together by addition operators (i.e. + and
A series can be either finite or infinite and sometimes the term infinite series is used to emphasize the fac
series contain an infinite number of terms. An example mightbd + 2+ 3+ 5+ 8+ .... An infinite series

is usually denoteaz an or Zan. The sum of an infinite series is a limit of the partial sums of finitely many

terms(i.e. I|m Z)an ) where the elementsy,, are either real or complex numbers, provided such a limit exists

If such a I|m|t has a finite value, the series is said to converge, if it does not, the series is divergent. If this li
exists and is equal tg for example, then it is said that the series converges towa&imply stated, a series
converges if the sequence of partial sums has BrasN — .

[oe]

A general definition from calculus is that for a given serEsan —aj;+ayx+az+---, if sy denotes théth

partial sum:
N

SN = Zlaa:a1+az+-~+an
i_

If the lim sy = sexists the series is said to be convergent and thus

s
i=

where the numbesis called the sum of the series. Otherwise, the series is said to be divergent.
Power Series and Radius of Convergent@ower series in the variableabout the poink = ais an infinite

sum: .
_Zla;(x—a)i

where theg;’s are the coefficients of the power series. Earlier we showed how a series can either converg
diverge. A power series has three possibilities for convergence [1]:
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Theorem: For a given power sen%a, (x—a)' there are only three possibilities:

i) The series converges only whgn- a

i) The series converges for &l

iif) There is a positive numbeR such that the series converge$df- a| < R and diverges
if x—al >R

The numbemR is called the radius of convergence of the power series. The interval of convergence o
power series is the interval that consists of all values foir which the series converges. Note that wieas
an endpoint of the interval (i.x—al = R) the series might converge at one or both endpoints or diverge &
both endpoints.

There are many techniques which can be used to test the convergence of a series. Some of these tech
are the comparison test, ratio test, and root test. These techniques are discussed in great length in Calci
and are not the main focus of this paper.

Taylor Series ExpansionEor a generic, infinitely differentiable, functiof(x), the Taylor series expansion
of f(x) about the poink = ais:
© (i )(

\_/

namely, the sum of the first+ 1 terms of the Taylor series expansion.

As an example, consider the functidix) = € and find the Taylor series expansion about the poiat0
(Figure 1). It is known thaf(')(O) — &% = 1, Vi so the Taylor polynomials simplify:

n f( n yi X2 3 n
Tn(X) = %—I—l—FX—F ‘I'X +-- X

6 nl

S()

As another example, consider the functibix) = and find the Taylor series expansion abast O:

© £(0) .
f(x) = Z}—f ”(O)(X—O)'

X2 3¢ 11118

> Y24 " 720 T
and again make a comparison to the original function (Figure 2).
Upon examining Figures 1 and 2, a natural question arises: Why does the Taylor polynomial approxit
cogx)
+ X

tion of T2 diverge so quickly while the Taylor polynomial approximationedfis so good? In order to

— 3 —
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Figure 1: Comparison of (x) = € (black) andT4(x) (red). The functions are solid colored
and the associated error is dashed.

Comparison of Approximations 1 Error
Vo
15 '
|
s 1 _ |
< % 0.6 | |
T o5 f l
& L |
g / |\ 204 L
o~ N— | |
-05 02 I '
I I
1
-4 -2 0 2 4 -4 -2 0 2 4
X X

Figure 2: Comparison of (x) = %S(X’;) (black) andTyo(x) (red). The functions are solid
colored and the associated error is dashed.

answer this question we must consider the radius of convergence for the two functions. To find the radiu
n

convergence of (x) = €‘ use the Ratio Test by lettiray, = al

Therefore, sincémp_.«

n’
<Xn+1> il
T |
‘an+1 _ (n+nl)! [ XM ] X| L 0asn
an (%) N+ n+1
an+1

< 1V¥x € R, the series convergé& and the radius of convergenceRs= oo.
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cogx)

To find the radius of convergence bfx) = 2

poles [2, 3] (where the complex poles for this function arg-eand so the distance in the complex plane from
the point of expansion to the poles is 1) or notice th@d) is can be separated as the product of two functions:

0220 ono (5)

The Ratio Test can be used to show that the Taylor series expanstog f converges/x € R. Recognizing

1 . . . . : cogx
thatm is the geometric series we know that it has interval of convergeree(—1,1). Therefore,—1 fxg

we can either use the method of distance to complex

has interval of convergence of the limititg € (—1,1).

3. PADE AND ALGEBRAIC APPROXIMANTS

Pade ApproximantsThe Taylor series expansion can be generalized té@ Bpgroximants. Simply stated,
the Pa@ approximant of a given power series is a rational function where the numerator is of degré¢he
denominator is of degred. If M = 0, the Paé approximant is equal to theh Taylor Polynomial (i.eTj_ (X)).
For example, consider the power series representation of a furfgon

f(x) = iiaixi.

Then the rational function representing the @agproximant is defined as [4]:

[L/M](x) = g;((xi) providedQum(x) # 0
where
L Mo
PL(X) = ; piX andQu (x) = _Z)in'
Therefore,

Po -+ P1X+ Pox2+ pex3+ -+ pLxt
[L/M] (X) = ) 3 M
Qo + QX+ Q2X= + g3X° + - - - +- Qm X
Examination of this equation reveals that therela#eM + 2 unknown coefficientsl(+ 1 unknownp’s in the

numerator and/l + 1 unknowng’s in the denominator). However, definigg = 1 leavesL + M + 1 unknown

1
do

(&)

Jo

_ Po+ Ppax+ paX° + pax® 4+ pLxt
1+ X+ X2 + 43X -+ + M

coefficients (multiplyingL/M](x) by

):

[L/M](x)
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If the power series fof (x) is known then we can write:

R o

[L/M](x) () f(x)
QYT —R(X) = 0 (1)
L+M+1

QM(X)< Z} a,-x')—PL(x) ~ 0

It is now possible to solve the system bf M + 1 equations for the. + M + 1 unknown coefficients by
equating coefficients of powers »to zero and solving the resulting system of equations. Therke -afé + 1
because we need to have the expansion of the function to at least that many terms in order to capture all ¢
contributions of smaller powers &fn the coefficients. Once thgs andg's in B (x) andQum(x) are determined
we can solve Eq.( 1) fof (x):
o i~ PL(X

100 = 3 ax' 25 o5 = IL/M(
In this way, when the power series 6fx) is known, the functionf (x) can be approximated by a Fadp-
proximant. Generating Padapproximants in this manner is not only computationally time consuming but |
is also inconvenient because each newé&Pagproximant requires the solving of a new systerh 6fM + 1
equations for thé& + M + 1 unknowns. This is not a large problem with the computers of today but it still take
considerable time to compute the Ragbproximant for largeé andM. There are ways to compufe/M](x)
for variousL andM using continued fractions, however, these methods are not the focus of this paper.

It is common practice to display the approximants in a table, called a fdde (Table 1). It is important
to note that it is the diagonal terms of the Badble that are used to see the convergence of the &gutox-
imants. Convergence occurslagndM — o (i.e. f(x) = " Iirrﬂ [L/M](x)). The convergence of the Fad

approximant will be discussed later in conjunction with the convergence of the Algebraic approximant. Not
that for the first column of the Pédable (wheréM = 0 andL = n); the Paé& approximant is equal to the Taylor
polynomial,Tn(X) (the second column is the first column of the Aitken’s Delta-Squared Process [5]):

PL(X)

[L/0] (x) = Qo(x) — Pt PXt PXP + P+ -+ Xt = TL(X).
M
0 1 2 3 ... M
0| [0/0] [0/1] [0/2] [0/3] --- [O/M]
1) [wo] [ [u2] [u3] - [UM]
L 2|20 [ [202] [2/3] - [2M]
30| [3/0] [3/1] [3/2] [3/3] --- [3/M]
Ll o) a2l s e (UM
Table 1: Generic PalTable.
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Comparison with Taylor Series Expansid®ecall that earlier we compared the Taylor series expansions

f(x) =€e‘andf(x) = icf))g to the functions. Now, a comparison of these functions with th&Ragroximants
can be seen in Figure 3 wherme-= 4 for the Taylor series expansion 6fx) = €, n = 100for the Taylor series

expansion off (x) = (ioj)):z) andnis only4 for both of the Paé approximants. Notice that the Reabproximant

approximates the function even outside the interval ov convergence of the Taylor series, where the Taylor s
expansion diverges from the function. Also, odlierms were used in the Padpproximant whered®90terms
were used in the Taylor series expansion. MeaningtB8@derivatives off (x) were calculated in order to get
T100(X) and to calculatéd/4](x) only required solving a system 8fequations for th® unknownp’s andg’s.
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Figure 3: Top: Comparison df(x) = € (black), T4(x) (red), and4,4](x) (blue). Bottom
Comparison off (x) = Clofxé) (black), T100(x) (red), and4,4](x) (blue). Again, the functions
are solid colored and their associated errors are dashed.
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Another power of Pa&l approximants is that the Taylor series approximates polynomials with finite seri
whereas Pa@approximants approximate rational functions by rational finite series. An example of this is tt

is an infinite series in the Taylor Polynomials, but is exactly determined by the d&gatoximant.

1+x2
Extension to Algebraic Approximant€onsider the definition of a Padpproximant as we had it defined
before: AL()
X
L/M|(X) =
LM = 5200

which lead to the Eq. (1). Notice that in Eq. (LY M](x) is real-valued and thus will only be able to assign real
values to an infinite series. If we are expecting to have complex-valued sums we will need to use a diffe
approximation to find them. The extension of the @ag@proximant to the Algebraic approximants [4, 6] done

by adding a squared term to Eq. (1). The Algebraic approximant of a given power 9‘6{0&&(%@%) is
i=
denoted byL /M /N](x) and is a function of three polynomialB (X), Qm (X), Rn(X)):

2
PL(X) — Qu (X) ('Z)CiXi> +Ru(x) ('Z)CiXi) =0 2)

L Mo N
PL(X) = Z) piX, Qm(X) = .%qix' andRy (X) = .%rix'

Again, setting coefficients of powers gfequal to0 in Eq. (2) and solving the resulting system of equations
for the coefficients in the polynomiaR (x), Qu(X), andRy(X) it becomes possible to assign a “sum” to the

power seried (X) = Z)a;xi. Solving Eq. (2) forf (x):

where

f(x) = (-iai)(i) =~ [L/M/N](x) = Qm(x)i¢Qgg;)(2X)— ARN(ORL(X)

_ 9, \/QM<x>2—4RN<x>PL<x>
4Ry (X)?

Convergence.As stated earlier, that convergence of the @agproximant occurs dsandM — oo (i.e.
f(x) = . Iirrll [L/M](x)). It can also be shown that the Algebraic approximant converges to the function

L,M,N — o. There are no rigorous convergence results for these ideas. However, there are multiple t
rems [4] that do address the issue for specific functions. One example is:

Theorem: Letf(z) be analytic at the origin, and also in the cir¢i < R, except form
poles, counting multiplicity. Consider a sequentg ] of Pace Approximants off (z)
with Mg > m andLy/My — o ask — o (Mg # 0). Leteg, & be arbitrarily small positive
given numbers. Theky exists such thatf (z) — [Lx, Mk]| < € for all k > ko and all|z] <R
except forz> &, whereg is a set of points of the-plane of measure less than

— 8 —
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The problem with using theorems like this one to prove the convergence of tleeapadoximant is that it
assumes that we know something about the functibfx)}; this is not always the case.

The true beauty of the Padnd Algebraic approximants is not fully understood until you consider that thi:
formalism can be used to determine the value of an unknown fundtien, provided it's power seriei aix,
is known. An example of where this occurs can be found in the quantum anharmonic oscillator.

4. QUANTUM MECHANICS

Quantum MechanicdAs stated earlier, one of the key ideas in quantum mechanics is to solve tide Bger
equation

R2d2W(x) 1 5,
“om ad CLLSRS P(x) = EW(x)
for the wavefunctionW(x), and the energye. In the remainder of this paper | will focus on solving the

Schibdinger equation for the energy.

Schibdinger Equation.Simply stated, the Schdinger equation plays the role of Newton'’s laws and con-
servation of energy in classical mechanics by predicting the future behavior of a dynamical, quantum sys
Imagine a particle of mags confined to move along theaxis and under the influence of a forégx,t). In
classical mechanics Newton’s second ld&n~ ma) and the appropriate initial conditions(Q) and an initial
velocity) are used to determine the position of the partialie,and then all the other dynamical variables (ve-
locity, momentum, kinetic energy, etc.) are calculated. In quantum mechanics, however, the desired quant
the wave equationt?(x,t), of the particle. Itis this wave equation which predicts analytically and precisely th:
probability of events or outcomes. The detailed outcome is not strictly determined, but given a large numbe
events, the Sclbdinger equation will predict the distribution of events. In the 8dimger equation, the kinetic
and potential energies are transformed into the Hamiltonian which acts on the wavefunction to generate
evolution of the system in time and space. The 8dimger equation gives the quantized energies of the syten
so that other properties may be calculated.

The Schodinger equation can also be written in bra/ket notation:
H|W) = E|W)

whereH is the Hamiltonian: 1
(6+ve ) 9 e

2

wherep? = V(x) is the potential, an& is the energy eigenvalue for the system.

S’
The Schédinger Equation is simply a second order variable coefficient ordinary differential equation:
W2 dPW(x) 1

o ae Tt Emu)zxztp(x) = EW(x)

Harmonic Oscillator. Consider the simple harmonic oscillator. The typical, classical harmonic oscillatc
consists of a mass, attached to a spring with spring const&anhe motion of this system, ignoring friction
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and other effects (as usual), is governed by Hooke’s Law:

d?x
F — —kx=mo—
X=m

which is a second order differential equation with solution

X(t) = Asin(wt) + Bcog wt)

. , k : : I
wherew is defined as\/; and is nothing more than the angular frequency of oscillation. Furthermore, w

know that the potentiaV (x), is:
V(x) = —/Fdx: %kx2

Notice thatV (x) is nothing more than a parabola.

The quantum mechanical harmonic oscillator is slightly different. We still consider a system consisting c
massm, attached to a spring with spring constantHHowever, here we solve the Sékiinger equation for the
potential:

1 55
V(X)== :
(x) = Smex
Substituting into the time independent Sathinger equation:
RRdPWx) 1 5,
- = Y(x) =EWY
o O + 2moo X“W(x) (X)
There are two basic ways to solve this equation, algebraic and analytic (see [7] pages 32-44 for derivati
Regardless of the method, the solution is:

Wn(x) = (%’)4 \/%Hn(Z)eéz

where theH,,({) are the Hermite polynomials.

However, it is obvious that there is no such thing as a frictionless harmonic oscillator. This is why perturl
tion theory is so important. Perturbation theory can be thought of as a composition of a general mathema
method developed to deal with small fluctuations or corrections in a system and is often used to approxim:
solution to a problem which cannot be solved exactly starting from the solution to the unperturbed problem
Perturbation theory results in series expansions for quantities. In many cases, the resulting series is diver

5. FINDING RECURRENCE RELATIONS FOR THE POTENTIAL USED IN ARDA [9]

Hypervirial and Hellmann-Feynman TheoreniBescriptions and Proofs in Appendix A). One example of
where perturbation theory is used is in using the Hypervirial and Hellmann-Feynman Theorems [8] to detern
the energy eigenvalu&, for the Schodinger equation. The Hypervirial theorem states that the expectatio
value of any Hamiltonian and any other operator is zero and the Hellmann-Feynman Theorem shows ho
relate changes in the parameters of the Hamiltonian to changes that can be expected in the energy. |
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the Hamiltonian presented by Arda [9] to describe the anharmonic oscillator with poté(itia- oo X2 +

%)\x + A% (Figure 4). Then the Schdinger equationH |W) = E|W)):

2mdx2

2 42
(—h—d—+ %u)zx2+%)\x2+)\2x3) W) = E|W)

Figure 4: Graphical representation of the po-
tential presented in Arda [9] for perturbation
A = 0.75 (cobalt),A = —0.75 (red), and the
harmonic oscillator wherk = 0O (black).

1%

Setup and DerivationThere are many key ideas that need to be carefully implemented in order to fir
the complete recurrence relations describing the coefficients in the expansion of the energy. Some of t
ideas include expanding the Hypervirial Theorem by using thedohger equation and multiple commutator
relations from quantum mechanics and using Hellmann-Feynman Theorem for further simplifications. O
an equation for the energy is reached, assume a power series solution for the energy:

E= Y EnAK
k=0

where fork =0, E = Er(lo) = hw <n+ %) and expanding the expectation value Xéir

W* xSlP dx_ A
I z

whens=1,1= ZA KNk IfA0 1thenA0 = 0Vk +# 0. Set coefficients of like powers afequal to0 (this

process is an extenS|on of series solutions [2]). Doing the complete derivation is a long process (see Appe
B for details), however, it is possible to find that the recurrence relations are:
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552 A2, +EAY,

3
w?
1 2(s—-1) 1 S 0 1 1 0) A(1 1) A (0
A = 3| e A s 2 IR AL L EPAY,
1

?
2541 o2 s -1, 1, NG C ) ) -
2(s— 1)As+1 2(s— 1)As + 8(8 2)(s 3)A574+i;En A, | forr=234,..

1 1,0
EYY = > é)
e = L ArY 2Ar P —o3a,

2r) 2 (r)

These recurrence relations are used to generate the coefficients in the expansions of th& eni)@n

The result is an infinite power series in the perturbation parametkr the end, what we want are the values

of the Er(l). Yet, all the other equations are necessary to determine these values. In this case, the resulting s
is divergent for most values @f The first few terms in the expansion of the energy are:

E(N) = 1A A2 N A3 3571 N 1415°  8469\° N 22561\ 14033098 N 9652939° 9932838317
2'4 16 32 256 ' 512 2048 ' 4096 65536 131072 524288

42008381811 883438664412 5749971433R'3 7159059941084 3895679271398

1048576 8388608 * 16777216 67108864 * 134217728 )

and can be depicted graphically (Figure 5) to see that the function is indeed divergent for most values c
Also, the coefficients themselves are divergent (Figure 6).

6. NUMERICAL RESULTS

MathematicaOnce the recurrence relations are found they can be implemeniéatimematicao numeri-
cally calculate the coefficients in the expansion of the energy. The coefficients can then be used to initialize
Pacdk and Algebraic approximants and a meaningful “sum” can be assigned to the series. This process is
similar to what we did earlier for the Taylor series expansion where we initialized thedrabAlgebraic ap-
proximants with the terms of the Taylor series which came from successive derivatives of the known funct
However, in the case of the recurrence relations we don’t know the function, the series expansion of the en
is divergent, and we are still able to assign a value to the function!
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The Energy Expansion
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series expansion of the energy.

Figure 5: The first 200 terms in the power
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Figure 6: Absolute value of the first fifteen
coefficients in the expansion of the energy,

re
effi-

Data. For example, consider the case whire 0.3. Then we can use t

he Radpproximant to construct

a Pa@ Table (Table 2). Recalling that we expect to see convergence along the diagonal we can see the

energy for this particular perturbation dfis approaching 0.5631744.
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0

1

2

M
3

4

5

Ol WNELO

0.50000000
0.57500000
0.56937500
0.57021875
0.57021875
0.56563876
0.56262416

0.57010869
0.56943364
0.56313475
0.56355813
0.56348485
0.56318024
0.56313733

0.56349749
0.56357162
0.56313386
0.56316652
0.56320869
0.56300908
0.56316903

0.56319165
0.56318442
0.56317885
0.56317755
0.56317544
0.56317581
0.56317487

0.56317553
0.56317489
0.56317487
0.56317462
0.56317456
0.56317450
0.56317446

0.56317444
0.56317440
0.56317428
0.56317441
0.56317442
0.56317442
0.56317441

0.56
0.56
0.56
0.56
0.56
0.56
0.56

W W W W W0

174
174
174
174
174
174
174

Table 2: Part of the P&dTable forA = 0.3 in the divergent series given above (Eq. (3)).

Now consider another value &f sayA = —0.3, and use the Algebraic approximant instead of theePad
approximant. Notice now that if we allow to be a negative number we fundamentally change the serie
expansion of the energy (Eqg. (3)). With negative valuek thfe power series expansion of the energy become:

9652939.°

A3 357\% 1415° 8469\° 225617
131072

B B __14033098__
256 512 2048 4096

65536

It would be useful to examine the first terms in the ddble as we did fok = 0.3, but in order to construct
such a table for the Algebraic approximant we would need a three dimensional array of values, a sep:
dimension for each df, M, andN. Therefore, since we expect convergence to occur on the diagonal; consid
the case where = M = N (Table 3). Notice that after a certain valueloM, N is reached we get a complex
value for the energyg(A).

Now if we consider all values of € (—1,1) (A is taken from—1 to 1 because in quantum mechanics the
perturbation is often thought of as being either on or off) we can see how different valdegvef different
solutions of the energy. First, using the coefficients in the expansion of the energy, Eq. (3), to initializexhe P
approximant. Comparing the Radnd Algebraic approximants to the figd0terms in the expansion of the
energy (Figure 7) shows that all three approximations are converging to the value of the energy for small va
of A. Furthermore, it becomes evident that the Algebraic approximant found the complex part of the ene
where the Pa@l approximant fails. There are values)ofvhere we will get real solutions and other regions
where complex solutions exist. The complex part of the energy is related to the lifetime of the state. This
be explained by realizing that the because theeRgaproximant is defined by a linear equation, Eq. (1), there
is no possibility to find a complex valued sum. Whereas the Algebraic approximant is a quadratic functi
Eq. (2), and thus allows for the possibility of complex results. A comparison of various Algebraic approximal
for the energy are shown in Figure 8. The true value of the energy exists at the overlap of the approxim
because convergence occurd.alsl,N — o successive overlays of approximants will approximate the energ\
better than the last.

7. CONCLUSIONS

The Paé and Algebraic approximants were used to both approximate known func%%_g%)( ande®) by

initializing the approximants with the coefficients of the Taylor series expansion. Furthermore, thariead

14 —
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] L,M7NH [L/M/N] \
0 0.5000000000 0.5000000000
1 0.4971671153 0.4189382124
2 0.4260293212 0.4126563658
3 0.5996869791 0.3886596504
4 0.3858466474 0.3438295662
5 0.3857874106 0.3453904712
6 0.3822819828 0.3741246435
7 0.3869280073 + 0.0062323054 0.3869280073 - 0.0062323054
8 0.3868241723 0.3818008106
9 0.3851494634 + 0.0028742112 0.3851494634 - 0.0028742112
10 0.3856097646 + 0.0034022507 0.3856097646 - 0.0034022507
11 0.3859178893 + 0.0024980798 0.3859178893 - 0.0024980798
12 0.3864275478 + 0.0031498306 0.3864275478 - 0.0031498306
13 0.3864844461 + 0.00294096v5 0.3864844461 - 0.0029409675
14 0.3864660602 + 0.0029275643 0.3864660602 - 0.0029275643
15 0.3865782297 + 0.002878651.7 0.3865782297 - 0.0028786517
20 0.3865105657 + 0.0028138282 0.3865105657 - 0.0028138282
40 0.3864700370 + 0.0027872350 0.3864700370 - 0.0027872350
60 0.3864700482 + 0.0027872827 0.3864700482 - 0.0027872827

Table 3: Part of the diagonal of the “Radable” forA = —0.3 in the expansion of th
energy, Eq. (3).

The Energy Expansion The Energy Expansion
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Figure 7: Left: Comparison of the fir@00 terms in the expansion of the enerd(A),
(red) and20/20J(A) (black). Right: Comparison of the fir@D0terms in the expansion
the energyE(A), (red) and20/20/20](A). The real part 0f20/20/20|(A) is black and the
complex part is blue.
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Figure 8: Comparison of Algebraic approximants. Top: [20/20/0](eft) and
[40/40/40]Q) (right). Bottom: [60/60/60K) (left) and an overlay of [20/20/20},
[40/40/40]Q), and [60/60/60K) (right). The black lines are the real part of the energy

and the blue lines are the imaginary parts. The true value of the energy occurs at the over-
lap of the functions.

Algebraic approximants were used to approximate the unknown energy for the quantum anharmonic oscill
through initialization from the coefficients in the expansion of the energy. Both the &adl Algebraic ap-
proximants have been used to determine a function when only the divergent power series for the function
known!

There are also many examples where both theeRaudl Algebraic approximants do “strange” things. For
example, applying P@pproximants to the Fibonacci Sequerice {+2+3+5+8+13+21+34+55+...)
yields a sum of -1.0! A surprising solution since this is a sum of positive integers. Also, using the Algebr:
approximant on the series expansionrgk) gives a complex value for= —1 (i.e. In(—1) = it).
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Future Work. One issue with this method of using RBadnd Algebraic approximants to assign sums to
divergent series is that there are few other ways of checking the convergence of the solutions. To checl
sums it is necessary to check them against sums for the same problem using a different method. Ther
other methods of assigning a sum to a divergent series including the Borel Method of Resummation [10]
Aitken’s Delta-Squared Method. However, to date, no one has used the Borel Method of Resummation w
dealing with the quantum anharmonic oscillator so there is no existing data to compare results and Aitk
Delta-Squared Method fails to give the complex results. The next step would be to implement the Borel Met
of Resummation and check to see that all three method€ @auloximants, Algebraic approximants, and the
Borel Method of Resummation) give the same result.
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Appendix A:

THE HYPERVIRIAL AND HELLMANN-FEYNMAN THEOREMS

THE HYPERVIRIAL THEORENGImply stated, the Hypervirial Theorem says that the expectation value
any HamiltonianH, and any other time-independent opera@ris zero.

(W|[A.0]|¥) =
_ Proof. Consider a system in the stationary stétend letH be its time-independent Hamiltonian. Then if
O is any time-independent linear operator, by the definition of commutators:
(W|[A,0]|¥) = (W[(HO-OR)|W) = (W|RO|w) — (¥|OH| W)

Proving this for a general Hamiltonian is difficult and involves Green’s Theorem and other ideas. However,
Hamiltonian used in this paper is Hermitian. Thus:

(W[HO|W) = (W|OH | W)
and therefore we immediately have the Hypervirial Theorem:
(W|[A.0]|w)=0

THE HELLMANN-FEYNMAN THEORENMT]here are some who feel that the identity is too trivial to merit
the term “theorem,” the present appelation does preserve for us the name of Hellmann who early in his ce
lost his life in the Stalinist purges” (see [11] for more information). Unknown to each other, Hellmann derive
this equation in a textbook and Feynman in an article [11] which was based on part his undergraduate tk
at MIT entitled: “Stresses in Molecules”. Both were writing about forces in molecules, which, in quantu
mechanics, are unobservable.

Nevertheless, the Hellmann-Feynman Theorem shows how to relate changes in the parameters of the H
tonian to changes that can be expected in the energy:

oE oH
r<”’a ‘“>

where) is a parameter in the Hamiltonian (eld.= —%J"—; + 3022 + 32 4+ A53) and< W|...|W > denotes
the qguantum-mechanical expectation value. Some examples of the quantum-mechanical expectation valu

(WX W) = (x) = /W*(X)de

(W]p|W /w( )wdx——uh/w* (aw) dx

Proof. To prove this theorem we must first consider a system with a time-independent Hamilténtaat
involves parameters. The Hamiltonian of any system contains parameters and therefore we can conside
one-dimensional harmonic oscillator Hamiltonian:
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Here, the force constarkt, and the mass, m, are both parameters. And, the stationary-state ergigas,
functions of the same parameters:

En— (n+%)hw: (n+%)h (%)2

Again, the Hellmann-Feynman Theorem shows how to relate changes in the parameters of the Hamilto
to changes that can be expected in the energy.Alle one of the parameters in the Hamiltonian (Ke=

-3 dx2 + 0?2 + Iax2 +- A% and investigate the quantif. Starting with the Sclirdinger equation:
H|W) = E|W)

whereH are the eigenvectors aiitlis the associated eigenvalue of the transformation. Then multiplying bot
sides of the Sclidinger equation by\!| and taking the derivative with respectXo

d 0

a5 (WIAIW) = oo
Invoking the Chain Rule:

(IR~ (1) + (w150 ) = (L) = (UG (vl

and realizing thaE does not effec{W| nor |W) and can be taken out:

<Z—T)ﬁ’w>+<wlz—ﬁ‘w>+<w‘ﬁ‘z—r> < ‘w> aE<L|J| >+E<w) >

Now, due to normalization(’|W) = [ |W(x,t)|?dx= 1), we can solve the equation f%?:
(G L)+ (Sl 1)+ (oG ) =2 (Gle)+ & -2 (vl )
- () (o) ) -1 (o).

Rearranging the equation we see:
oE oWV ~ oV ~10W ow
an = (ol e (Gl (ol )+ (vl )= v/

and recalling that if we have a Hermitian Hamiltonian (which we do because the Hamiltonian is equal

its Hermitian conjugate = H' whereH™ = H*; the complex conjugate of the transposetbf7]) the
Schibdinger equation giveld |W) = E|W) and(W|H = (W|E. So therefore:

<6—LP ] >:E<3—L;’w> and<w‘ﬁ‘%—r> :E<W’%—§I\J>

WIE[W).

and thus:
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Appendix B:

CALCULATING THE SERIES EXPANSION FOR THE ENERGY

In this appendix, | use both the Hypervirial and Hellmann-Feynman Theorems to determine the coefficie

E,(f), in the expansion of the energy. Before this can be accomplished, we need these comiui@tc (
NGO — OA) relations from Quantum Mechanics:

[pX] = i
= (W[(pX —x'p)|¥) = < \ x"HW)
= (W|(px)|W) = <L|J| X p|lw)
PP X] = —2ix"tp—r(r—1)x~
Wl (p*X 2) W) = (W] —2irx" " Ip—r(r—1)x?|w)
W (p°x r) (W] —=2irx" Tp—r(r— )X 2+ X p?|¥)
(P’ X] = 3'fX P - 3( X p+|r(r—1)(r—2)xr*3
= (W] (P =X p%) |W) = (W] = 3irx"~1p? = 3r(r — D)X 2p+ir (r = 1)(r —2)x 3 W)

= (¥|(p*X") ]LIJ> = (Y| =3irx"1p? —3r(r — )X 2p+ir(r—1)(r—2)x 3+ xp3|Ww)

These commutator relations are easily derived. Consider a generic test furigtenmg apply the definition of
the commutator:

[pX]fc = pX fx—xXphbutp= 1§
hd eey ohdf

= 3 dX(x x) — X Td_x and applying the Chain Rule to the first term
- O A
= ?rxr‘lfx and in this paper we lét =1
= —irx" 11,
Therefore,[p,x'] = —irx"~1 and the other two commutator relations follow similarly by using the definitions
Zz’iié’—; and 35?5’—;.

Finding Recurrence Relations/Me are given a Hamiltonian describing the anharmonic oscillator by the
potentialV (X) = $w?x? + 3Ax2 + A23:
5 h? d? h?

_ e _ " 52
H= T +V(x) 2mp +V(X).

and we want to find the coefficients of the energies. A similar problem was discussed in a paperdy Al
Arda [9] where this problem is solved in a similar manner as follows, however, the paper stops short of find
the entire recurrence relation. We can do better:

From the Schivdinger equation we have:

(WH = (WE
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substituting in forH:
<w|( P>+ wzx )\x +)\2x3>:<w|E

and solving for(W|p?:
wi(38) = W= tene-Ine—aa
2 2 2
(Wp? = (W] (2E — whE — M — 20%°)

Now expanding the Hypervirial Theorem:

0 = (¥[[A,p2]|¥)
- (eline )|
= (W[ApE|W)  (W]pXA|W)

And combining it with what was found from the Séllinger equation:

= <‘P‘(2A2+ PR+ 2 )\x +A%% 3)px >
W px —p2+}w2>22+1>\>22+>\2>23 W
2 2 2
Lo L oo 1y 0nr  \203a00
= (Y —px+—w2xpx+—)\xpx+)\x3px W
< ‘(px —p?+ PR wx + pR )\x +px)\2>‘<3>‘w>

1 1 1 1
_ <Lu’ (é P + szxzp% + émzp% +N23pR — pﬁréﬁZ — @zfzwzxz — f))?ré)\iz — f)f(r)\2f<3> ’ L|J>

0 = (VIARK|¥) (v |aA|v)

Using the commutator relations we get:
: -3 . o A 1 50/ o orl1 . ora
0 = <LP‘ —3irg 7 = 3r(r— D)X 2p+ir(r—1)(r—2)% 3errp3)+§w2x2(—|rxr )
1 1
N (=i L RD) + 023 (—ir L4 8p) + (ir 1=K p) =p?
+50 +XP) + A ( +Xp) + ( p) 5P

+(irgt Arﬁ)%w2>‘<2+(|rxr 1 Arp) L 24 (irg 1 krﬁ))\2>23’w>
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Expanding the parentheses and simplifying the expression by cancelling like terms yields:
0 = <W‘ —z)irf(rlﬁz—gr(r 1R 2ﬁ+ L ir(r—1)(r—2)8 3+ ;w K+2p

+;}\Xr+2p+}\2 I’+3p_|_ R 1p2 1(*)2)'3’ f»'iZ_ })\)'zr p)'zZ_)\Z)'ir f))'zS‘qJ>

2
. . 1
= <qJ‘ _|r>?r—1p2—gr(r—1)f(‘ P+ élr(r—l)(r—Z) +2w2xr+2p
1 1 1
+§)\)2r+2f)+)\2)2r+3ﬁ_ é(‘02)'{[' f»'z?_ o E)\)zr f»'zz N )\2)?‘ ﬁﬁ‘w>

Again, using the commutator relations and cancelling like terms:
1 1
0 = <lP‘ L 1p? — gr(r—1))2r—2r3+_|r(r—1)(r_2) 4_2002)(r+2p+ )\Xr+2p
1 1 i 26 ; <
+)\2>2r+3f)—§ ( 2i%+4 %2 IO)—E)\X ( X4 X p) A2% (—3|x +x3p ‘LIJ>
N M A - zf(f—lﬁr2ﬁ+%ir(r—1)(r—z>>2f3+iw2f<f+1+im+l+3mzﬁr+z‘w>

Also, if we allowO = X we get(W|K—2p|W) = iz(r — 2)(W|%~3|W) from the Hypervirial Theorem. Thus, we
have:

A 1a . v 3 1. S i\ o~ \2n
0 = <LP —ir& 1p2—i—?;lr(l‘—l)(l’—2)xr 34 Zirr=1)(r—2)% 3+|w2xr+1+|)\xr+1+3|)\2xr+2’w>

2
1A 3. g3 1. o3 i D N~ ) 2
= <LP —irs lpz—zflr(r—l)(r—Z)xr 3Jrzlr(r—l)(r—Z)xr 3+|w2xr+1+|)\xr+1+3|)\2xr+2)lv>

140 L. 3 . D i\ W
— <LIJ —irg 1p2—Z|r(r—1)(r—2)xr 3+|(,o2xr+1+|)\xr+1+3|)\2xr+2‘w>

From the Schisdinger equationp?|W) = (2E — w?R2 — A&% — 2A%%3)|W) so
- 1 . -
0 = <lP —jrgr1 (2E - W2 — AR — 2)\2)23) — 21|r (r—1)(r—2)8F 3+t Liag 1+ 3|)\2>“<f+2’w>

= <W —2irs1E + [i(.\)z(l’ + 1) + i)\(r + 1)] )’{H‘l_f_ (3+ 2r)i)\2>“<r+2 _ %il’ (I’ _ 1)([‘ _ 2)%—3‘[_'_,>

o : . : . 1 o
= <W — 2ir s 1E+|()\+ooz)(r+1)xr+1+|)\2(3+2r)x““2—Zrlr(r—l)(r—Z)xr 3"#

Moving the term with the Energy to the left hand side:

E<L|J

)A(ril‘kp> - <\P’2 l i\ oP)(r +1)>A<r+1+i)\2(3+2r)>2r+2—%ir(r_l)(r_z);(r3} ‘LIJ>

<LP’ )\_'_wZ ( +1) '\r+l )\2(3_f2—r2r>)2r+2_r(r_]gr(r_z))zr3‘LP>
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Now, [etN =r — 1:

E<L'J X LP> B <LP‘O\+®2)2(8|\|121))2N+2H2%2N+3_(Nz(l&Nﬁ)_%N_z)w
= (S]n e R T R g 02 )
Therefore,
E<W\XNIW>=(>\+®2)2(’T\I+2 (W2 2 2NES

1
N ) (W3 W) — éN(N (W) (@)
which is Eq. (3) in Arda [9].

Assume the following power series expansions:
o £k
E - En )\

kZo

(W3S W) z AY

Notice that whers = 1 we get the equality = ZE’ZOAS KAk and if we IetAéO) =1 thenA(()k) must equab for all
k. Also, fork = 0we getE = EL? which is the energy associated with the harmonic oscillator [7]:

n
1
E\Y = hw (n+ 5)

Substituting these power series expansions into Eq. (4) we find:

() (3]

(A o?) T2 5 A+ aN+5

k__ k
2(N+1) 2, 2N+ 1) 2AN+3)‘ gN(N-1) XAN A
© N+2 2N +5
— 2 (K) 3k 32 k (k) 3k
— kzo[()\+m)2(N+ A N )AN+3)\ NN - DAY Y]
_ < [AN+5 w2, N+2 0 yi1, ((N+2 o000 1N 10 A0 )k
_ Z[z(N+1)AN+3 oA o A2 gNN - DAY N )

Now, consider the left hand side. Examining the form of the product of two infinite sums [2] we have

lz)anx Xo) ”ZObnx Xo) ] ZOC”(X_XO)n
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where .

Ch = agbn+aibn_1+---+anbp = Z)aa bn_1
i=

then the left hand side of Eq. (5) reads:

<§ Er(,k)xk> <§ A,(\,k))\k> ~ 3 cak
k=0 k=0 k=0

K oo
Gk = Z)EBAI'(('
i=

where

so then we have

ad 2N +5 N+2 () ykit < N+2
cAk = +2 A AT
2% %[2(N+1)AN+3 TN N2 2(N1 1)

Now, separating the sums and pulling out various parameters:

Kk 1
GPAY,— NN DAY )Ak}

co\® + A+ z CAK
B 2N+5 k2 o [ N+2 (0 yk1
B kz <2(N+1)AN+3)\ Z N+1AN+2)\
c N+2 5,0 1 (k) ) 5k
Al —NIN=DAY ) A
+kzo(<2<N+1>°° vz g (N = DA
o ((2N+5 k-2 N+2 0,1, « ( N+2 1),k
= A A AN
Z( 2N+ 1) Al )+2(N+1)AN+2 2 o e

N+2 50 1 1140 )50 N+2 o> @ 1o a® |y
(2(N+1)00AN+2 8N(N DA, | A%+ 2(N+l)ooAN+2 8N(N DAY, | A

< N+2 2at0 1 )\ \k
+ z (( AN D) W Ayp— gNIN=DA, | A
collect powers oh:

N+ 2 l 0
0 = (e A g <N—1>A<N12—Co)AO

(N+1)
i (Z(I\ll\lizl) Azt 2(?\;21) A2~ (N DAY, 01> At
+kz [(2%1?)“\% 2&123 ANk+21

+ 2&:21) WAL, %N(N ~ DAY, - a)\Y]

— 24 —
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For this to be true, all the coefficients of powers\ahust equal O:

_ N+2 200 L yNn_1A@
0 = 2(N_|_1)wAN+2 8N(N 1>AN—2
0 — N+2 AO) N+2 PADY }N(N—l)Af\,lzz—Cl

2(N+1)" 27 2(N+1) "N+2 g
2N+5 (k—2) N-+2 (k-1) N+2 (K) 1 (K)

—ZN(N-1 —cfork=234, ...
2(N+1)" N+3 +2(N+1)AN+2 st 1)@ 2T gNIN= DA, —acfork=2,3.4,

Substituting in forcy:

_ N+2 5 0 _} A0 (040
0 = 2(N+1)wAN 8N(N 1)AN_2 =N (6)
N+2 (0 N+2 (1) 0) (1 1) A(0
0 = 2(N+1)AN+2 2(N+1) AN+2 (N 1)A() _Er(‘ )Af(\l)_Er(‘ )AI(\I) (7)
B 2N+5 N+2 (k-1) N+2 2~ (K)
0 = 2(N+1)AN+3 2(N+1) N-+2 2(N+1)wAN+2
kK .
—%N(N—l)A&k’z—_%Eé')A&k") fork=2,34,... ®)
I=
Solving each equation f(ﬁ(,(\i,):
© _ 1] N+2 (0) o
A= EQ [2(N+1) A2~ (N DA
v _ 1 N+2 o N+2 20 L A =()A0)
AN - Er? [Z(N—{—l) N-+2 2(N+1)wAN+2 8N(N 1)AN—2 En AN

which are Egs. (10) and (11) in Arda [9]. If we let= 2 we get Eq.(12) in Arda [9]:

2) i N4 2 (2) N+2 () 2N+5 (0
- E()[Z(N+1) AN+2 (N+1)AN +2(N+1) N+3

1
—EN(N-DAY , —EFAY —EPAY |

Continuing with the derivation it is possible to calculate recurrence relations fdr (alistead of only for
k=0,1,2 as done in Arda [9]). Rearranging Eg. (6), (7), and (8) we find:

o 2(N+1) 11
e wzl N(N - 1>A<N)2+ES)A(N>}
_2(N+1) 1 N+2 (0 1 AD ()
AN+2_N—+2@{ AN 1PN NN - DAV EVAY B

Aﬂ()ZZZ(NJrl)l[ 2N+5 k2 N+2 k1
+

1
Nio @ | AN o e TN DAL 2*%5" ]fc’”( 234
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The three above equations combine to form part of the recurrence relations used to calculate theEe(h)ergies

Now, from the Hellmann-Feynman Theorem:

(¥larle) =3 = (¥I5 )

we can find the remaining necessary recurrence relation. We know:
0E 0 | & (K4

= Z)En )9 )k

_ ZkEn J\k-1
and
<w‘g‘w> - < (—%dd—;+1w2x2+ )\x2+)\2x3)‘w>
= < x+2)\x3‘ >
= izAz +Z)2A KIAKHL
Therefore,
%kErgk))\kl _ :O%Agm)\k +§2Ag")xk+1
k% (k+DESIA Z Il —nggk‘”)\k -0
=1
OEr(IO)?\_leEr(]l)?\O— )\o+z(k+1 E(HD A2 2A3 ) _ o

Notice thatE" — A(z)and(k+1) (et _ A2 2A3 mustequaIOforaIIvaIuesof

1
Ex’ — Ay = 0
SEVY = %A(ZO)
(k+ 1)EFY - %AQ‘) —2Af Y = ofork=1,23,...
e R SN A¥ Yfork=1,23,..

2(k+1) %2 " (k+1)
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which is Eqg. (9) in Arda [9].

The set of recursion equations are now:

0 2IN+1) 1 [1
AY, = —<N+2)E[§N(N DAY, +EVAY
(1) 2(N+1) 1 N+2 o ,1 (1) (0) A(1) | =(1) A(0)
A, = N2 o7 -—zaquijAN+2+-8N(N DAY, +Er Ay +En A
A(k) _ 2(N—|—1)i
2N+5 | (k-2) N+2 k1 1

— — T A N(N — DAL £l fork=2,3,4,...
2(N+1) N3 2(N+1) N+2 +gN 2+Z) " ] of ’

Eé") = W (n+ %)

1 1 o
B = A
gl — 1 a2 = _A¥Vfork=1,23,.

2(k+1)"? ' (k+1) ®

Now lets= N+ 2 andr = k+ 1 and adjust the indices of tmér_l) term:

0 2(3—1)1 1 0 0) . (0
A = B e 2e- 9A 4 VA,

W _ 2s=H1[ s 0,1 o aa® L 0D | =(1),0
S —2(3_1)AS +5(5- (5= A +En AT, +En AL,
m _ 2s-1)1
Ast = s o

2s+1 B s I O (O N () g (o) B
2(5 1AS+1 25— 1)A +8(s 2)(s 3)As_4+i;En A, o' | forr=234,..

1 1.0
EY = QAS)
eV = AV 2 Al forr =234,

2r) 2 (r)
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